1. This is 2 simple problem in geometry and Snell’s Law

N

Figure 1: Refraction through a wedge.

The angle of incidence a3 = a because ¢y = @ and a; + a2 = a2+ a3 =
90°. The angle 8 is found from Snell’s law sina = nsinfd. The angle
of incidence on the base is

e

S -(r—a-(3-B)=a=p

from which it follows that

sinf = nsin(a - B)

T . -1 (sina
=sin”" [n sin| a — sin
n

. The force on the prism is equal and opposite to the rate of change
of momentum of the laser light passing through it. To analyze this,
consider the momentum changes of the laser light incident on the upper
half of the prism.

Think of the laser beam as delivering to the upper half of the prism
r4 photons per second parallel to the x axis. If the energy of a2 photon
is E, then its momentum is p; = % i, and a photon leaving the prism
at an angle § to the x axis will differ in momentum from the incident
photon by

implying that

6p = g—(cosﬂ -1)i- —1;2 sin § 3.
The rate of charge of momentum of these photons will then be

- Ty

Fopp=r.p= —é—q [(cos§ ~ 1)1 —sind j.]
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"Figure 2: I, and [, when yo > &
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Figure 3: I, and I, when 0 < yo < h




The quantit):r.,E. is the power P, delivered to the upper face, and the
recoil force F, produced by light refracting through the upper half of
the prism will be

F, = —}:—" (1 —cos8)i+sinéd j].
A similar argument gives the force on the lower half as
F = % [((1 —cos8)i—sindj.
From these two results we see that the net force on the prism will be
F=2[(Pa+ P)(1 —cos6)] i 4= (P, — P sind] 5.

The angle 8 can be exprcsse& in terms of  (see answer to part 1).

To find the values of P, and P, calculate the average intensities, I, and
I,, incident on each half of the prism and multiply by hw, the area
of each half of the prism projected perpendicular to the laser beam.
Because the intensity distribution I(y) is a linear function of y, the
average intensities are easily determined.

The problem states that

I(y) = Io(l_zyl_;) for 0 <y < +4h
Yy
= T - —_ 0.
°(1+4h) for —4h <y <

Now suppose that the prism is lifted a distance yo from the x axis
(yo > 0). There are two distinct cases:

(a) When & < yo < 3k, the whole prism is entirely in the upper half
of the beam. As Fig. 2 shows, for this case the average is equal
to the intensity at the zenter of each face which is at yo + h/2 for
the upper face and at yo — /2 for the lower one. This gives

I'..=Io<1—1‘1+—h[3) = Io(z—ﬂ)

ah 8 4h
7 —h/2 9 v
Li=rn(1-%2=2E) - (- - —)
e (1 4h ) Liz-a

From these it follows that

Zh‘lDIo yo)
F, = 22 () %) _
c (1 A (1 —cos8)
F, = —}“”f sin 6.
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(b) When 0 < yo < A, the lower half of the prism is partly in the lower
half of the laser beam as shown in Fig. 3. Then the part of the
lower half of the prism between 0 and y, has a fraction yo/k of the
area of the lower half of the prism and sees an average intensity

I =Iw/2) =1 (1-%).

The part between 0 and yo — h has a fraction 1 — yo/h of the area
and sees an average intensity of

_ h— 7
f= 15 =0(5+ ).

Putting these together we get

P, = hw ?ff,l +hw (1 - %)fg,

T . % v
= hwly [+ +3% _ 30
w°(8+4h 4h?

The average intensity on the upper face has the same functional
dependence on yg as in the first case. Therefore, P, = hwlp (g - ﬁ)
as before.

Putting these together gives
L
P,+P = huwl|-—-—

YT
Yo Yo
=P = —hul R (1-2
Pu—F hw‘r"%( 2.’:)

from which it follows that

2
F, = A0k (Z - _29_) (1 —cosb)

c 4 4p?
hwl yu( yo) .
F = —220m(y W)
v e 25 \l T g3)"8

Because the intensity distribution is symmetric about the axis of the
laser beam, the solutions for yo < 0 will mirror the solutions for yo > 0.
Graphs of the F; and F, as functions of yo are shown in Fig. 4.

. Both the equation and the graph of F, show that to have F, > 0 and
opposite the force of gravity, yo must be < 0. Then to find the force
necessary to support the prism against gravity, find the prism’s mass,
and equate the expression for the vertical component of force from the
laser beam to the weight of the prism, and find I for the parameters
given. Use that result to find the total power in the laser beam. This
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Figure 4: (a)F: vs yo; (b) F, vs yo

can be done by finding the average value I over the specified cross
sectional area of the laser beam.

To find the mass of the prism first find its volume = tan a h’w then

1
m = — x (10732 x.1x2.5
7 (1077)
= 144x1077 g
1.44 x 107'° kg;

mg = 142x107°N

The solution to (2) assumed a displacement in the y > 0 direction, but
the problem is symmetric so we can use that solution. We want the
value of I that satisfies

Iohw yo ( 3’0) ; -9
T 1 ok sinf = mg = 1.42 x 10
when
8 = 15.9°
_ h
Yo = )
h = 10x10°m
w = 107 m

3x10% x1.42 x10°°

= = 8.30 x 10° W/m’
105 x 109 x 27ax & - 20 X 107 W/m

Io

since the power P is given by P = ] x area of laser beam where I = -g“

This yields

1
P= 3 X 8.30 x 10® x 1073 x 80 x 106 = 33.2 W.
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4. A displacement of h/20 corresponds to yo/h = .05 << 1 so that the
vertical force component is well approximated by

Tow sin 8
-

F= 2c

This is the equation of a harmonic osdllator with angular frequency

w = Iow Sin9 _ Io Sine
- V 2me  \ 2cph?tana’

Putting numbers into this gives

- _2:1r _ 2"J 2 x 3 x 108 x 2igaxxl,()237: 10-10 x 1/4/3 —11.2%10°% s.

Part 1. 1.5 points

Part 2. 5 points (2 points for obtaining expression for net force in terms of
g and powers P, P, incident on upper and lower prism faces ;
1 point for finding F, and F. y explicitly in terms of /;, y,,
and 8 forh <y, <3h;

1 point for finding F, and F explicitly in terms of /,, y,,

and 8 for 0<y,<h;
1 point for drawing appropriate graphs)

Part 3. 1.5 points

Part 4. 2 points
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