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4. Atomics - Problem IV (7 points) 
 
Compton scattering 
 
A photon of wavelength iλ  is scattered by a moving, free electron. As a result the electron stops 
and the resulting photon of wavelength 0λ  scattered at an angle °= 60θ  with respect to the 
direction of the incident photon, is again scattered by a second free electron at rest. In this 
second scattering process a photon with wavelength of mf

1010251 −×= ,λ  emerges at an angle 
°= 60θ  with respect to the direction of the photon of wavelength 0λ . Find the de Broglie 

wavelength for the first electron before the interaction. The following constants are known: 
sJh ⋅×= −341066,  - Planck’s constant 

kgm 311019 −×= ,  - mass oh the electron 
smc /, 81003 ×=  - speed of light in vacuum 

 
 
Problem III - Solution 
 
The purpose of the problem is to calculate the values of the speed, momentum and wavelength 
of the first electron. 
 
To characterize the photons the following notation are used: 
Table 4.1 

 

 
To characterize the electrons one uses 
Table 4.2 
 first electron 

before collision  
first electron 
after collision 

second electron 
before collision  

Second electron 
after collision 

momentum ep1


 0  0  ep2


 
energy eE1  eE0  eE0  eE2  
speed ev1

  0  0  ev 2
  

 
 
The image in figure 4.1 presents the situation before the first scattering of photon. 
 

 initial  
photon 

photon –  
after the  
first scattering 

final  
photon 

momentum ip


 0p


 fp


 
energy iE  0E  fE  
wavelength iλ  iλ  fλ  
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 Figure 4.1       Figure 4.2 
 

 
 Figure 4.3      Figure 4.4 
To characterize the initial photon we will use his momentum ip

  and his energy iE  








⋅=

⋅
==

ii

i

i
i

fhE
c
fhhP

λ



        ( 4.1) 

i
i

cf
λ

=           ( 4.2)  

is the frequency of initial photon. 
For initial, free electron in motion the momentum oep



 and the energy oeE are 
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where 0m  is the rest mass of electron and m  is the mass of moving electron. As usual, 
c

v e1=β . 

De Broglie wavelength of the first electron is 
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The situation after the scattering of photon is described in the figure 4.2. 
To characterize the scattered photon we will use his momentum 0p

  and his energy 0E  
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where 

0λ
cfo =          ( 4.5) 

is the frequency of scattered photon. 
 
The magnitude of momentum of the electron ( that remains in rest) after the scattering is zero; 
his energy is eE1 . The mass of electron after collision is 0m  - the rest mass of electron at rest. 
So, 

2
01 cmE e ⋅=  

To determine the moment of the first moving electron, one can write the principles of 
conservation of moments and energy. That is  

0ppP oei





=+          ( 4.6) 

and 

eei EEEE 100 +=+         ( 4.7) 

The conservation of moment on Ox  direction is written as 

θα coscos 0
1 c

fhvm
c
fh

e
i ⋅

=⋅⋅+
⋅       ( 4.8) 

and the conservation of moment on Oy  is 

θα sinsin 0
1 c

fhvm e
⋅

=⋅⋅        ( 4.9) 

To eliminate α , the last two equation must be written again as 
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and then added. 
The result is 
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or 
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The conservation of energy (4.7) can be written again as 
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Squaring the last relation results 
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Subtracting (4.12) from (4.15) the result is 
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Using  
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the relation (4.17) becomes 
( ) 0cos1 λλθ −=−⋅Λ i         ( 4.19) 

The wavelength of scattered photon is 
( )θλλ cos10 −⋅Λ−= i         ( 4.20) 

shorter than  the wavelength of initial photon and consequently the energy of scattered photon is 
greater that the energy of initial photon. 
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Let’s analyze now the second collision process that occurs in point N . To study that, let’s 
consider a new referential having Ox  direction on the direction of the photon scattered after 
the first collision.   
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The figure 4.3 presents the situation before the second collision and the figure 4.4 presents the 
situation after this scattering process. The conservation principle for moment in the scattering 
process gives  
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To eliminate the unknown angle β  must square and then add the equations (4.22) 

That is 
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or 
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The conservation principle of energy in the second scattering process gives 
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 (4.24) and (4.25) gives 
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Subtracting (4.26) from (1.27), one obtain 
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That is  
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Because the value of fλ  is know and Λ  can be calculate as 
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the value of wavelength of photon before the second scattering is 

m10
0 1023,1 −×=λ         ( 4.31) 

Comparing (4.28) written as: 
( )θλλ cos10 −⋅Λ+=f         ( 4.32) 

and (4.20) written as  
( )θλλ cos10 −⋅Λ+=i         ( 4.33) 

clearly results 

fi λλ =           ( 4.34) 

The energy of the double scattered photon is the same as the energy of initial photon. The 
direction of “final photon” is the same as the direction of “initial” photon. Concluding, the final 
photon is identical with the initial photon. The result is expected because of the symmetry of the 
processes. 
Extending the symmetry analyze on electrons, the first moving electron that collides the initial 
photon and after that remains at rest, must have the same momentum and energy as the second 
electron after the collision – because this second electron is at rest  before the collision. 
That is  
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Taking into account (4.24), the moment of final electron is  
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The de Broglie wavelength of second electron after scattering (and of first electron before 
scattering) is 
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Numerical value of this wavelength is 
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21 1024,1 −×== λλ        ( 4.38) 
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